[2] investigated the renewal risk model and gave a tail equivalence relationship of the ruin probabilities ψ(x) under the assumption that the claim size is heavy-tailed, which is regarded as a classical result in the context of extremal value theory. In this note we extend this result to the delayed renewal risk model.
Introduction
The asymptotic estimate of ruin probability is one of the most important topics in risk theory. A lot of results have been obtained since the establishment of Cramér-Lundberg model. These results range from the exponential type estimates as given by Cramér, to the estimates when exponential moment of the claim size distribution does not exist. Such distribution functions (d.f.s), which are usually used in investigating ruin probabilities, are called heavy-tailed. Suppose that costs of successive claims Z i , i ≥ 1, form a sequence of independent and identically distributed (i.i.d.), non-negative random variables (r.v.s), EZ 1 = µ < ∞, and their occurrence times T i , i ≥ 1, comprise a renewal process independent of Z i , i ≥ 1. Hence, the inter-occurrence times θ i = T i − T i−1 , i ≥ 1, are i.i.d. non-negative r.v.s, where T 0 = 0 by convention. Assume that x is the initial capital and the gross premium rate is c > 0. In other words, the insurance company receives the sum c per unit time deterministically.
The model above is called the renewal risk model. If θ n , n ≥ 2 are i.i.d. r.v.s with a common distribution G and Eθ 2 < ∞, but the d.f. of the first inter-occurrence time θ 1 , denoted by G 1 , is possibly different from G, the model is called the delayed renewal risk model; and if further G 1 is just the equilibrium d.f. of G, i.e.,
the model is called the equilibrium renewal risk model, where G = 1 − G denotes the tail distribution of G. See [5] or [3] for details. Generally speaking, the delayed renewal risk model is more realistic than the renewal one. Denote
It is well known that
and the equilibrium d.f. of F is as follows:
We write
Define the risk process R(t), t > 0 as a surplus process of the insurance company at time t, i.e.,
where N (t) = max {n ≥ 1 : T n ≤ t} is the number of claims occurring within [0, t] . Thus the ruin probability ψ(x) can be defined and deduced as
See [1] for details.
In the present note we restrict our interest to the case where the claim size
The classical Cramér-Lundberg theorem, which deals with the renewal risk model with an equilibrium assumption that each θ i is exponentially distributed, shows a tail equivalence relationship of the ruin probability as
is interpreted as the safety loading condition, and F e (x) is given by (1.2) with (1.1). Embrechts and Veraverbeke [2] extended the result to the renewal model. Theorem E. In the renewal risk model with the relative safety loading condition (1.4) , if F ∈ D, then the tail equivalence relationship (1.3) also holds.
Most recently Kong et al. [4] further extended the result above to the equilibrium renewal risk model for F ∈ D. Thus, one naturally conjectures that the tail equivalence formula (1.3) still holds for the delayed renewal model if F ∈ D. We prove in this note that the conjecture is true indeed. We remark that in Theorem 1.1 we do not need any information of the d.f. G 1 of θ 1 .
Preliminaries
In this section we discuss some properties on several subclasses of the so-called heavy-tailed d.f.s. As many classical papers have done, we focus our attention on the case where the claim size is large (or heavy-tailed). A non-negative r.v. X or its d.f. F on [0, ∞) is said to be heavy-tailed, if it has not any finite exponential moment. One important subclass of heavy-tailed d.f.s, entitled D, was already mentioned in the previous section. Here we show some other important heavy-tailed subclasses for our later use. For more details the readers are referred to [ 
for any y > 0 (or equivalently for y = 1); 2. S:
for any n ≥ 2 (or equivalently for n = 2), where F * n denotes the n-fold convolution of F with corresponding tail
About these subclasses of heavy-tailed distributions, it is well known (see [1] ) that
Proof. For F ∈ D, we have, for any x ≥ 0,
It follows that lim sup
Therefore F (x) = o F e (x) holds. This completes the proof of Lemma 2.1.
Lemma 2.2. F ∈ D implies that F e ∈ C.
Proof. For 0 < l < 1, we have
Since F ∈ D implies that F (lx) F (2x) is uniformly bounded, we have
and therefore F e ∈ C. This completes the proof of Lemma 2.2.
Proof of Theorem 1.1
Clearly, in the renewal risk model,
where the symbol X d = Y means the r.v.s X and Y are of the same distribution. Noting that the result of Theorem E is still valid under the assumptions of Theorem 1.1, we have,
One easily sees that in the delayed renewal risk model,
∆ =ruin probability in the delayed renewal risk model
2)
The fact that ψ(x − t) ψ(x) ≤ 1 implies that the integral and limit are interchangeable in the following:
. The last equality above holds thanks to F e ∈ S ⊂ L from (2.1). Furthermore, using integration by parts, we have 
Finally,
By Lemma 2.2, we know F e ∈ C, so that 
